In this paper, the Generalized Fuzzy Mathematical Morphology (GFMM) is proposed, based on a novel de nition of a Fuzzy Inclusion Indicator (FII). A FII is a measure of the inclusion of a fuzzy set into another, that is proposed to be a fuzzy set. It is proven that the FII obeys a set of axioms, which are proposed to be extensions of the known axioms that any inclusion indicator should obey, and which correspond to the desirable properties of any mathematical morphology. The GFMM provides a very powerful and exible tool for morphological operations. The Binary and Grayscale mathematical morphologies can be considered as special cases of the proposed GFMM. An application for robust skeletonization and shape decomposition of 2D and 3D objects is presented. Simulation examples show that the reconstruction of objects from their skeletal subsets, that can be achieved by using the GFMM is better than by using the BMM. Furthermore, the use of the GFMM for skeletonization and shape decomposition preserves the shape and the location of the skeletal subsets and spines.
I. Introduction
Mathematical morphology is a very rich and powerful tool used for the representation and analysis of binary and grayscale images 1]-6]. The morphological image representation has been used for the description of the geometrical characteristics of image objects as well as for binary image compression. The morphological skeleton and the morphological shape decomposition are the very popular methods for morphological shape representation 7], 8]. Although several comparative studies and properties analysis can be found in the literature 7]-10] the main disadvantage of both methods is the lack of robustness especially in impulsive noise, something that can be considered as a general characteristic of all the morphological operations 11] .
Several e orts have been done to reduce the sensitivity of morphological operations in impulses. Soft morphological operations have been proposed in 12] , which can restrict the problem in some cases. The properties of soft mathematical morphology have been also investigated 13], 14]. Fuzzy morphological operations have also been proposed and investigated rather recently 15]-20], but still the fuzzy and soft morphologies are not e cient in binary object representation, since skeletonization and shape decomposition have strong dependency on the presence of outliers alike the classical Binary Mathematical Morphology.
In this paper a novel Generalized Fuzzy Mathematical Morphology (GFMM) is proposed. The GFMM is based on a Fuzzy Inclusion Indicator (FII), a measure of the inclusion of a fuzzy set into another, that is proposed to be a fuzzy set. It is proven that the FII obeys a set of DRAFT axioms, which are proposed to be extensions of the known axioms that any inclusion indicator should obey, and correspond to desirable characteristics that any mathematical morphology should have. The Binary and Grayscale mathematical morphologies can be considered as special cases of the proposed GFMM. The GFMM provides a very powerful and exible tool. In this paper an application for robust skeletonization and shape decomposition of 2D and 3D objects is presented.
The paper has the following structure. In section II the fuzzy sets relations and operations are presented in brief. In section III the Fuzzy Inclusion Indicator (FII) is de ned grounded on an axiomatic basis that is also commented. The FII is also compared with other inclusion indices. In section IV the Generalized Fuzzy Mathematical Morphology is de ned. The basic morphological operations are presented and the compatibility with Binary and Grayscale mathematical morphologies is shown. The exibility of the GFMM is presented by using an example where the property of robustness is considered desirable. Simulation results on the use of the GFMM for robust skeletonization and shape decomposition of images and volumes are presented in section V. Conclusions are drawn in section VI. Appendix A includes the proofs of the compliance of the FII on the axioms proposed in section III.
II. Fuzzy Sets and Fuzzy Arithmetic
The notion of a fuzzy set A, introduced primarily in 21], is usually described by its membership function A that maps the universal set U to the interval 0; 1]: A = fx; A (x)g; A : U ! 0; 1]
The value A (x) is called the degree of membership of the point x to the set A. A more e ective representation of a fuzzy set A is the union of its -cuts A , which are de ned as the crisp sets of the points x : A (x) : A = A (2) The classical relations (subset ) and operations (union and intersection \) have been extended to fuzzy sets. Although several de nitions can been found in the literature, the most frequently used are the classical de nitions that follow. Let A; B be two fuzzy sets with membership values A ; B , the union and intersection of A; B are the fuzzy sets A B and A \ B DRAFT with membership functions A B and A\B given by:
A\B (x) = minf A (x); B (x)g (4)
A fuzzy set A is considered subset of the fuzzy set B if and only if the membership degree A (x) of A is less than or equal to the membership degree B (x) of B for all x:
A B , A (x) B (x); 8x (5) From equations (3), (4) and (5) the following equivalent expressions using the -cuts, can be derived: (
A B ) A B ; 8 2 0; 1]
The complement of a fuzzy set A is usually de ned as the fuzzy set A c with membership function:
The translation of a fuzzy set A by a crisp vector v is the fuzzy set T(A; v) with membership function:
T(A;v) (x) = A (x ? v) (10) Similarly, the centrally symmetric of a fuzzy set A is the fuzzy set ?A with membership function A9: I(A; B) = 1 if and only if A B, has been found too restrictive since it is not satis ed by most of the inclusion indicators proposed in the literature 15]. The above mentioned axioms are not independent since for example A3 can be derived by applying A5 to A2 and A7 can be derived by applying A5 to A6. Equivalences between these nine axioms and the desired properties of a fuzzy mathematical morphology are extensively quested in 17]. It is just mentioned here that A4 is strongly related with the translation invariance property, A5 with the principle of duality, A1 and A9 lead to the compatibility of the constructed fuzzy mathematical morphology with the binary and grayscale one, A2 and A3 are related with the increasingness (decreasingness) of erosion with respect to the reference (structuring element) set, and A6, A7 and A8 are related with the compatibility with union and intersection in classical morphology.
In the following a generalized fuzzy mathematical morphology (GFMM) will be constructed based on the novel de nition of an inclusion indicator as a fuzzy set rather than a number, de ned in the interval 0; 1]. Large membership values strengthen the belief that \A is a subset of B". The use of a fuzzy inclusion indicator in the construction of a fuzzy mathematical morphology removes the paradox that fuzzy mathematical operations on fuzzy signals result to crisp signals. where O is the zero fuzzy set with membership function O (x) = 0. These seven axioms A1 -A7 are extensions of the previously reported axioms A1 -A4 and A6 -A8 that are fundamental for the construction of any fuzzy mathematical morphology. Thus, the GFMM that will be constructed based on these seven axioms will have the desired properties of any mathematical morphology: translation invariance (A4), compatibility with the binary and grayscale mathematical morphologies (A1), increasingness (decreasingness) of erosion with respect to the reference (structuring element) set (A2, A3), compatibility with union and intersection in classical morphology (A5, A6, A7). Although the principle of duality will be taken into account in the construction of the GFMM, the axiom A5 was not extended to be included into the axioms that a fuzzy inclusion indicator should obey, since the complementation is a function that changes the membership values of the fuzzy sets in contrast to the other axioms.
B. The Fuzzy Inclusion Indicator de nition
The Extension Principle (EP) is often used in fuzzy theory to extend mathematical laws of crisp numbers to fuzzy sets 22], 23]. It provides the theoretical warranty that fuzzifying the parameters or arguments of a function results in computable fuzzy sets. Let X 1 ; X 2 ; : : : ; X n be n fuzzy sets and y = f(x 1 ; x 2 ; : : : ; x n ) be a crisp function. Then, the extension principle transfers the fuzziness of X 1 ; X 2 ; : : : ; X n through the function f to a fuzzy set Y = fy; Y (y)g where:
sup (x 1 ;x 2 ;:::;x n )2f ?1 (y) minf X 1 ; X 2 ; : : : ; X n g if f ?1 (y) 6 = ; (11) Although the inclusion indicator function does not have a similar function in crisp arithmetic, an EP-like operation has been proposed in 24] , 25] to de ne the compatibility index as a fuzzy inclusion index of a fuzzy set A with respect to another fuzzy set B: However, since the compatibility index applies a T ? conorm (sup) operator, it cannot be used for the de nition of an erosion operation. We can reach the same conclusion, by observing that DRAFT the compatibility index does not satisfy the axioms A5 and A6.
In this paper a novel fuzzy inclusion indicator is proposed, by applying a T ? norm (inf) operator on the EP-like operation (12) Figure 1b that the fuzzy inclusion of a crisp set into a fuzzy set is the minimum membership value of B in the crisp set, corresponded to the unity, and that the fuzzy inclusion of a fuzzy set into a crisp set is generally a crisp set in 0; 1]. In Figure 1c it is shown that the inclusion of a crisp value x into a fuzzy set B is the membership value B (x), corresponding to unity. It is also easy to show that the fuzzy inclusion of a crisp set or a crisp value into a crisp set are extensions of classical set theory relations.
I(A;B). It is also shown in

DRAFT C. Comparison with other inclusion indices
In 17] a fuzzy mathematical morphology is de ned based on the indicator:
The indicator (15) is similar to the proposed fuzzy inclusion indicator (13) , since it applies an inf operator on values of the membership function of the fuzzy set B that belong in subsets of the support of A. The integral can be considered as a special case of the defuzzi cation process of the fuzzy indicator. The main di erence of the two indicators is that the subsets in (15) are the -cuts of the fuzzy set A while the subsets in (13) Based on the previously de ned fuzzy inclusion indicator (13), the Generalized Fuzzy Mathematical Morphology framework will be constructed. In the following, the four basic operations of any morphology, erosion, dilation, opening and closing will be de ned. Let A; B be two fuzzy sets. The erosion of the fuzzy set A by the fuzzy set B, which will be called fuzzy structuring DRAFT element subsequently, is de ned as the fuzzy set E(A; B) having membership function given by: E(A;B) (x) = I(T (B;x);A) (D(I(T(B; x); A)) (18) where I denotes the fuzzy inclusion indicator and D is a defuzzi cation procedure. The dilation D(A; B) is then de ned to obey to the duality principle:
D(A; B) = E(A c ; ?B) c (19) where ?B denotes the centrally symmetric of the fuzzy structuring element B and A c the complement of the fuzzy set A as in (9) . Opening and closing are de ned in terms of erosion and dilation:
O(A; B) = D(E (A; B) ; B) (20) C(A; B) = E(D(A; ?B); ?B): (21) It can be observed in (18) that the membership value of the eroded set is the value of the fuzzy inclusion indicator membership function, at the point resulting from the defuzzi cation procedure of the fuzzy inclusion indicator. Since the fuzzy inclusion indicator membership function takes its values from the membership function of the reference set, the eroded set takes also values coming from the reference set. The neighbor of the reference set that takes part in the erosion procedure is de ned by the fuzzy structuring element. The above mentioned characteristics are similar with the classical morphological ones. The fuzziness of the structuring element forms sets with equal membership, which are responsible for the topological characteristics and special features of the corresponding morphological operations.
B. Compatibility with classical mathematical morphologies
In the following it will be shown that the classical Binary Mathematical Morphology (BMM) can be considered as a special case of the proposed Generalized Fuzzy Mathematical Morphology.
Let A c ; B c be two classical sets de ned in a subset of R n and any x 2 A c correspond to a value in f0; 1g through a function f A c (x). The above sets are considered as a reference and a structuring element set respectively of the classical BMM. In the GFMM framework the two valued reference set A is equivalent to a fuzzy set with a bi-valued membership function A (x) = f A c (x). Let also B be a fuzzy set de ned in the same domain as the classical set B c , having a membership value B (x) = 1. For this special case of A; B, the fuzzy inclusion indicator membership function (13) DRAFT is simpli ed as follows:
that is de ned only in the set u = 1. Then, any defuzzi cation process in (18) (13) is simpli ed as follows:
that is de ned only in u = 1 set. Then, any defuzzi cation process in (18) leads to D = 1 and the corresponding fuzzy erosion operation is simpli ed to:
which is equivalent to the de nition of the classical grayscale erosion. It can be concluded from (23) and (25) that BMM and GMM can be considered as special cases of the proposed GFMM.
C. Properties of the GFMM -Robustness
It was presented in the previous section that, by using a crisp set as a fuzzy structuring element, the GFMM can include the BMM and the GMM as special cases and inherit the properties of the corresponding morphological operations. In the following, it will be shown that the properties of the GFMM can be handled by the membership function of the fuzzy structuring element. The role of the membership function is important during the calculation of the fuzzy inclusion indicator. The membership function of the fuzzy structuring element B de nes classical sets of points with equal degree of membership in B. The meaning of the membership equality is that it de nes a locus of topological similarity. Then, the inf operation of the inclusion indicator takes DRAFT place among the points that belong to each classical set of equal membership separately, and the in mum values are used to construct the fuzzy inclusion indicator set. Similarly with the de nition of a fuzzy structuring element in other fuzzy mathematical morphologies, the fuzzy structuring element can be separated in two parts, the core where the membership function equals unit, and the fuzziness which is the rest of the element. The core is responsible for the properties which come from the classical morphological operation. The fuzziness of the membership function of the fuzzy structuring element can cause di erent behavior of the GFMM operations, and a suitable selection of it, can lead to desirable characteristics. An example of a selection that leads to a robust mathematical morphology will be presented in the following.
Let A be a binary 10 10 image with a rectangular object, corrupted by an impulse of zero value in pixel (4; 4), shown in Figure 2a . Let B be a fuzzy structuring element with pyramidal membership function de ned in a 5 5 classical set, shown in Figure 2b . Since the core set has support area less than a pixel the corresponding classical erosion would leave the image unchanged. The fuzzy inclusion indicators of the translated structuring element T(B; v) in the image A for various translations v are shown in Figure 2c , Figure 2d and Figure 2e . The simplest choice, the center of maxima defuzzi cation procedure is selected in this example. Each pixel of the eroded image E(A; B) that is shown in Figure 2f , has been substituted by the maximum value of the fuzzy inclusion indicator membership function. This example emphasizes that a robust morphology in the presence of impulsive noise can be constructed by using a pyramidal fuzzy structuring element. When the core set has area greater than a pixel the robustness is combined with the properties of the classical erosion operation.
V. Application in robust object shape representation
The morphological skeleton and the morphological shape decomposition are popular methods for shape representation. Each method represents an object X as a number of components. Algebraic combinations of the components reconstruct the object. The representation of X using the morphological skeleton is 7]: X = N k=0 S(k) kB (26) where the sets S(k) known as skeletal subsets are:
DRAFT where and are morphological erosion and dilation, X B is the morphological opening of X by B, XnY is the part of X that does not belong in Y , kB is the kth-order homothetic of B and N is the largest integer such that X ? NB 6 = ;.
The morphological shape decomposition of X is described by 8]: (28) where the sets L(k) known as spines are:
L(j) jB)) kB; 0 k < N X NB; k = N (29) where N is again the largest integer such that X ? NB 6 = ;.
Skeletonization and shape decomposition based on the GFMM morphology can be applied by substituting the classical erosion, dilation and opening operations that are used during their processes, with the corresponding operations of the GFMM de ned in (18) , (19) and (20) . Since X is a binary image, the simpli ed erosion equation given in (23) can be used. Simpli ed versions of dilation and opening are derived easily. The fuzzy structuring element was chosen to have a size of 9 9 pixels, a core set of 3 3 pixels where B = 1, and pyramidal fuzziness. Extensive simulations were applied by using two reference images. The rst one contains an orthogonal spiral and it is shown in Figures 3a and 5a . The second one contains a puzzle piece and it is shown in Figures 4a and 6a . Each image was contaminated by impulsive (salt and pepper) noise. The noise probability varied from 0:1% to 20%. Since the location of the impulses in respect with the object strongly a ects the resulting skeletal subsets and spines, several experiments were performed for the same noise probability.
The skeletonization results are presented in Tables I and II for the spiral and the puzzle image respectively. The number of the skeletal subsets, the area of the noisy object X 0 as a percentage of the original, the total area of the skeletal subsets as a percentage of the original, and the area of the reconstructed from the skeletal subsets objectX as a percentage of the original are presented in the Tables. The representation error is also presented as the sum of the positive error de ned as the number of pixels that belongs in X and does not belong inX, and the negative error de ned as the number of pixels that belongs inX and does not belong in X. It should be noted that, in order to avoid reconstructing the white impulses on the background, the last step of the reconstruction was omitted. It can be observed that the representation error is always less by using the proposed GFMM than by using BMM. The reconstructed area is also greater in the GFMM case. Generally, the reconstruction of objects from their skeletal subsets, that can be achieved by using the GFMM is better than obtained by using the BMM. However, the most important characteristic of the use of GFMM is the preservation of the shape and the location of the skeletal subsets. An indication of this property is the number of skeletal subsets, presented in Tables I and II . Figures 3 and 4 illustrate the above mentioned property. The original spiral image, the BMM skeleton, the reconstructed from the BMM skeleton object, the GFMM skeleton and the GFMM reconstructed object are shown in Figures 3a to 3e . In Figures 3f to 3o the skeletonization process is applied on the noisy spiral images shown, and the corresponding BMM and GFMM skeletons and reconstructed object are also presented. The corresponding results when skeletonization is applied on the original and two noisy puzzle images are presented in Figure 4 .
The shape decomposition results are presented in Tables III and IV for the spiral and the puzzle image respectively. The number of the spines, the area of the noisy object X 0 , the area of the spines and the area of the reconstructed object as percentages of the original, and the representation error are presented in the Tables. The representation error and the reconstructed area are more or less similar by using the GFMM and the BMM. The shape and the location of the spines are preserved better in the case of GFMM. The number of spines is in most cases closer to the number of the original objects spines by using the GFMM shape decomposition. Figures 5  and 6 illustrate the above mentioned property. The original spiral image, the BMM spines, the reconstructed object from the BMM spines, the GFMM spines and the GFMM reconstructed object are shown in Figures 5a to 5e. In Figures 5f to 5o the shape decomposition process is applied on the noisy spiral images shown, and the corresponding BMM and GFMM skeletons and reconstructed object are also presented. The corresponding results when skeletonization is applied on the original and two noisy puzzle images are presented in Figure 6 .
Simulations were also performed on 3D data. The BMM and GFMM skeletonization and shape decomposition were applied on the binary volume of a human body shown in Figures 7a and 8a  30] , 31]. Two projections of the morphological skeleton of the body by using either BMM or GFMM are shown in Figures 7b and Figures 7c . Both skeleton and shape decomposition processes were also applied on a noisy body volume contaminated with impulsive noise (0.1%) shown in Figures 7d and 8d . Two projections of the morphological skeleton of the noisy body by using BMM are shown in Figures 7e and 7f . The same projections by using GFMM are shown in Figures 7g and 7h . Two projections of the spines of the body by using either BMM or GFMM are shown in Figures 8a and Figures 8b . Two projections of the spines of the noisy body by using BMM are shown in Figures 8c and 8d . The same projections by using GFMM are shown in Figures 8e and 8f . It can be observed that similar with the 2D case, the location and the shape of the morphological skeleton and spines are better preserved by using the GFMM. The BMM and GFMM skeletonization and shape decomposition were also applied on the non-convex binary volume of a tooth shown in Figures 9a and 9b . The volume was corrupted by impulsive noise (0.1%) shown in Figure 9c . Ten frames of the result of classical BMM skeletonization when applied on the original volume are shown in Figure 9d . The same ten frames of the skeleton when BMM and GFMM skeletonization are applied on the noisy volume are shown in Figures 9e and 9f respectively. It can also be observed that the location and the shape of the morphological skeleton are better preserved by using GFMM.
VI. Conclusions
In this paper, the Generalized Fuzzy Mathematical Morphology (GFMM) was proposed. It was based on a novel de nition of a Fuzzy Inclusion Indicator (FII), which was de ned to measure the inclusion of a fuzzy set into another, as a fuzzy set. It was proven that the FII obeys a set of axioms, which were proposed to be extensions of the known axioms that any inclusion indicator should obey, and which correspond to the desirable properties of any mathematical morphology. The proposed GFMM was compared with the classical Binary and Grayscale mathematical morphologies and it was shown that they can be considered as special cases of the GFMM. The GFMM provides a very powerful and exible tool for morphological operations. An application for robust 2D and 3D object representation using skeletonization and shape decomposition was investigated. Extensive simulations showed that the reconstruction of noisy objects from their skeletal subsets, that can be achieved by using the GFMM is better than by using the classical BMM. Besides, the use of the GFMM for skeletonization and shape decomposition preserves the shape and the location of the skeletal subsets and spines, and therefore, can be e ciently used for object representation especially in cases of impulsive noise.
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